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Abstract
Let φ(x) = |1 − 1x | for all x > 0. Then we extend φ(x) in the usual way to become a
continuous map from the compact topological (but not metric) space [0,∞] onto itself
which also maps the set of irrational points in (0,∞) onto itself. In this note, we show
that (1) on [0,∞], φ(x) is topologically mixing, has dense irrational periodic points,
and has topological entropy log λ, where λ is the unique positive zero of the polynomial
x3− 2x− 1; (2) φ(x) has bounded uncountable invariant 2-scrambled sets of irrational
points in (0, 3); (3) for any countably infinite set X of points (rational or irrational)
in (0,∞), there exists a dense unbounded uncountable invariant ∞-scrambled set Y
of irrational transitive points in (0,∞) such that, for any x ∈ X and any y ∈ Y ,
we have lim supn→∞ |φn(x) − φn(y)| = ∞ and lim infn→∞ |φn(x) − φn(y)| = 0. This
demonstrates the true nature of chaos for φ(x) (see [2, 6, 7]).
Keywords: invariant scrambled sets, topological entropy, topological mixing, transi-
tive points
AMS Subject Classification: 37D45, 37E05
1. Introduction
Let I denote an interval in the real line and let f be a continuous map from I into itself. It
is well-known that if f has a periodic point of period not an integral power of 2 then there
exist a positive number δ and an uncountable set S such that
for any x 6= y in S, lim sup
n→∞
|fn(x)− fn(y)| ≥ δ and lim inf
n→∞
|fn(x)− fn(y)| = 0. (∗)
Such a set S is called a δ-scrambled set of f . When the inequality in (*) holds for all positive
numbers δ (we follow the convention that | ±∞± any real number| =∞ and ∞ > any real
number), we call such set S an ∞-scrambled set. Can this scrambled set S be chosen to be
invariant under f? That is, can f(S) ⊂ S? The answer is no in general. This is because if
c is a point in I such that lim infn→∞ |fn(c)− fn(f(c))| = 0, then the ω-limit set ω(f, c) of
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c must contain a fixed point of f , where the ω-limit set ω(f, c) of a point c is the set of all
points x with the property that there is an increasing sequence < ni > of positive integers
such that limi→∞ fni(c) = x. This fact is useful in constructing examples of maps without
invariant scrambled sets. For example, let g be the continuous map from [0, 1] onto itself such
that (i) g(0) = 1, g(1) = 1/2, and g(1/2) = 0; (ii) g(1/6) = 1/3 and g(1/3) = 1/6; and (iii)
g is linear on each of the intervals [0, 1/6], [1/6, 1/3], [1/3, 1/2] and [1/2, 1]. Then the point
x = 1/4 is the unique fixed point of g and every point in (1/6, 1/4)∪ (1/4, 1/3) is a period-2
point of g. Therefore, g has no invariant scrambled sets although g has the period-3 orbit
{0, 1/2, 1}. On the other hand, if f is turbulent, i.e., if there exist two compact subintervals
I0 and I1 of I with at most one point in common such that f(I0) ∩ f(I1) ⊃ I0 ∪ I1, then we
can find such an invariant scrambled set [1].
Figure 1: The graph of the map φ(x) = |1− 1
x
|, x > 0.
In studying the periodicity and convergence of the second-order difference equation xn+1
= |xn − xn−1|, Sedaghat [3, 4] introduced the following interval map, see Figure 1,
φ(x) =
∣∣∣∣1− 1x
∣∣∣∣ defined on (0,∞)
and showed, among other things, that φ(x) has uncountable scrambled sets. Following the
work of Sedaghat [3, 4], we may ask the following two questions:
(1) Does φ(x) have bounded uncountable invariant scrambled sets ?
(2) Does φ(x) have unbounded uncountable invariant scrambled sets ?
In this note, we shall answer both questions afirmatively. We shall also show that for
any countably infinite set X of points (rational or irrational) in (0,∞), there exists a dense
unbounded uncountable invariant ∞-scrambled set Y of irrational transitive points (transi-
tive points are points with dense orbits) in (0,∞) such that for any x ∈ X and any y ∈ Y ,
we have lim supn→∞ |φn(x) − φn(y)| = ∞ and lim infn→∞ |φn(x) − φn(y)| = 0. For these
purposes, we shall use symbolic dynamics.
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2. Symbolic dynamics
Let Σ2 = {β : β = β0β1 · · · , where βi = 0 or 1} be the metric space with metric d defined by
d(β0β1 · · · , γ0γ1 · · · ) =
∞∑
i=0
|βi − γi|
2i+1
.
Let σ be the shift map defined by σ(β0β1β2 · · · ) = β1β2 · · · . Then σ is a continuous, two-to-
one map from Σ2 onto itself. In the sequel, for any finite sequences β0β1β2 · · · βk, k ≥ 2, of
0’s and 1’s, we also define σ(β0β1β2 · · · βk) = β1β2 · · · βk.
Figure 2: Recursive procedures to obtain Iγ0γ1γ2···γni−1γni ’s.
Let φ(x) = |1 − 1/x| for all x > 0. We now compactify the space [0,∞) by including
the symbol ∞ and define φ(0) = ∞ and φ(∞) = 1. Then φ is a continuous map from the
compact topological (but not metric) space [0,∞] onto itself. Let I0 = [0, 1] and I1 = [1,∞].
Then φ(I0) = [0,∞] = I0 ∪ I1 and φ(I1) = [0, 1] = I0. Since φ(I0) = I0 ∪ I1 and φ is
strictly decreasing on I0, we can split I0 up into two compact subintervals I00 and I01 with
one point in common such that φ(I0i) = Ii = Iσ(0i), i = 0, 1. Since φ(I1) = I0 which is
disjoint from the interior of I1, we cannot have two proper compact subintervals I10 and I11
of I1 such that φ(I1i) = Ii, i = 0, 1. However, since φ(I1) = I0 = I00 ∪ I01 and φ is strictly
increasing on I1, we can split I1 up into two compact subintervals I100 and I101 with one
point in common such that φ(I10i) = I0i = Iσ(10i), i = 0, 1. Therefore, although we cannot
split I1 up into two compact subintervals I10 and I11 with one point in common such that
φ(I1i) = Ii, i = 0, 1, we can split I1 up into two compact subintervals I100 and I101 (subscripts
obtained by inserting the number 1 before each of 00 and 01) with one point in common
such that φ(I10i) = I0i, i = 0, 1. Similarly, we can continue with the above procedures (see
Figure 2) as follows:
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(1) since φ is strictly decreasing on I0 = [0, 1] and φ(I0) = [0,∞] = I100∪ I101∪ I00∪ I01 (in
that order which is obtained from Steps 2 and 1 or, (2n)th and (2n−1)st steps in Figure
2 from right to left), we can split I0 up, from left to right, into four compact subintervals
with pairwise disjoint interiors, I0100, I0101, I000, I001 (obtained by inserting a 0 before the
”previous” four subscripts) such that Iγ0γ1···γni ⊂ Iγ0γ1···γni−1 and φ(Iγ0γ1···γni ) = Iγ1γ2···γni
wherever defined, and the union of all these intervals is [0, 1],
(2) since φ is strictly increasing on I1 = [1,∞] and φ(I1) = [0, 1] = I0100∪I0101∪I000∪I001 (in
that order which is obtained from Procedure 1, i.e., Step 3 or (2n+1)st step in Figure 2
from left to right), we can split I1 up, from left to right, into four compact subintervals
with pairwise disjoint interiors, I10100, I10101, I1000, I1001 (obtained by inserting a 1 before
the ”previous” four subscripts) such that Iγ0γ1···γni ⊂ Iγ0γ1···γni−1 and φ(Iγ0γ1···γni ) =
Iγ1γ2···γni wherever defined, and the union of all these intervals is [1,∞],
(3) repeat Procedure 1 first and then Procedure 2 indefinitely.
Consequently, I0 = [0, 1], I1 = [1,∞], I00 = [1/2, 1], I01 = [0, 1/2] and, for any finite sequence
γ0γ1γ2 · · · γni = γ0γ1γ2 · · · γni−200 or γ0γ1γ2 · · · γni−201, ni ≥ 2, of 0’s and 1’s such that if
γj = 1 for some 0 ≤ j ≤ ni − 2 then γj+1 = 0, the compact interval Iγ0γ1γ2···γni is defined
so that Iγ0γ1γ2···γni ⊂ Iγ0γ1γ2···γni−1 and φ(Iγ0γ1γ2···γni ) = Iγ1γ2···γni . Note that, in Figure 2,
if I0γ1γ2···γni is defined at (2n − 1)st step, then I10γ1γ2···γni is defined at (2n)th step, and
I00γ1γ2···γni is defined at (2n + 2)
nd step, while if I1γ1γ2···γni is defined at (2n)
th step (and so
γ1 = 0), then I01γ1γ2···γni is defined at (2n+ 1)
st step. Furthermore, at the (2n− 1)st ((2n)th
respectively) step, the interval [0, 1] ([1,∞] respectively) is split up into the union of 2n
compact subintervals with pairwise disjoint interiors and each of these 2n intervals is split
up at the next step into the union of two compact subintervals with disjoint interiors. Let
Γ = {γ = γ0γ1γ2 · · · ∈ Σ2 : if γj = 1 then γj+1 = 0}. Then Γ is a subshift of finite type
and, for any γ = γ0γ1γ2 · · · 6= 100 in Γ (100 stands for the sequence of repeating 100 in Γ
and note that I100 = {∞}), the sequence < Iγ0γ1γ2···γni >i≥1, wherever Iγ0γ1γ2···γni is defined,
is a nested sequence of compact intervals in [0,∞). Therefore, the set Iγ = ∩i≥0Iγ0γ1γ2···γni is
either a nontrivial compact interval or consists of exactly one point and φ(Iγ) = Iσγ for each
γ ∈ Γ. However, since each rational point in [0,∞) is mapped to the point 0 after a finite
number of iterations of φ [3], it is clear that each Iγ actually consists of exactly one point.
In the sequel, we write this point as xγ. So, Iγ = {xγ}. Since φ(Iγ) = Iσγ for each γ ∈ Γ, we
obtain that if σm(γ) = γ for some γ ∈ Γ, then φm(xγ) = xγ. We note in passing that this
correspondence γ → xγ from Γ to [0,∞] is not one-to-one, but is onto. For each rational
number s > 0, there are exactly two distinct γ(1), γ(2) in Γ such that Iγ(1) = Iγ(2) = {s}. For
example, I0010 = {1} = I1010. However, we don’t need this information later on.
We remark that, since φ(x) is a very special map, we can actually compute these compact
intervals Iγ0γ1···γni explicitly. They are related to Farey sequences in the way that, if I0 =
[0, 1] = [0
1
, 1
1
], I1 = [1,∞] = [11 , 10 ], and if a ≥ 1, b ≥ 0, c ≥ 0, d ≥ 1 are integers such that
[ b
a
, d
c
] (in lowest terms) is one of these compact intervals Iγ0γ1···γni in [0,∞] obtained at the
nth step, then [ b
a
, b+d
a+c
] and [ b+d
a+c
, d
c
] are two adjacent compact intervals in [0,∞] obtained at
(n+ 1)st step (see Figure 2). However, we don’t need this information to achieve our goal.
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3. The extended map φ(x) is topologically mixing, has dense transitive irrational
points and has dense irrational periodic points in [0,∞]
Let V be a nonempty open interval in (0,∞), then there exist an irrational point w in V and
an element γ = γ0γ1γ2 · · · in Γ such that Iγ = {w}. Since there exists a strictly increasing
sequence < ni > of positive integers such that V ⊃ {w} = Iγ = ∩i≥0Iγ0γ1γ2···γni , there is
an integer k ≥ 5 such that w ∈ Iγ0γ1γ2···γnk ⊂ V . Consequently, I0 = φnk+1(Iγ0γ1γ2···γnk00) ⊂
φnk+1(V ) and so [0,∞] ⊃ φnk+2(V ) ⊃ φ(I0) = [0,∞]. Thus, φnk+2(V ) = [0,∞]. This
implies trivially that the extended map φ(x) is topologically mixing on [0,∞]. Later in
section 6, we shall see that φ(x) has dense transitive irrational points in [0,∞]. Finally,
since each rational point in (0,∞) is mapped into the period-3 orbit {1, 0,∞} under a finite
number of iterations of φ and since {1} = I001 = I101001, the unique point p in the set
Iγ0γ1γ2···γnk 000 ⊂ Iγ0γ1γ2···γnk000 ⊂ Iγ0γ1γ2···γnk ⊂ V is an irrational periodic point of φ(x) in V .
This shows that the irrational periodic points of φ(x) are dense in (0,∞).
4. The topological entropy of the extended map φ(x) on [0,∞]
Since the extended map φ(x) is continuous on the compact topological space [0,∞], we
can compute its topological entropy. We first define the continuous piecewise linear map
f : [0, 1] → [0, 1] by putting f(x) = 1 − 2x for 0 ≤ x ≤ 1/2 and f(x) = x − 1/2 for
1/2 ≤ x ≤ 1. Then {0, 1
2
, 1} is a period-3 orbit of f and it is well-known that the topological
entropy of f is log λ, where λ is the unique positive zero of the polynomial x3 − 2x− 1. In
this section, we shall show that φ is topologically conjugate to the map f and so φ also has
entropy log λ. For this purpose, we define modified Farey sequences on [0,∞] inductively as
follows: F0 = {01 , 10} and if ab and cd (both are in lowest terms) are two consecutive fractions of
Fn, then
a
b
, a+c
b+d
, c
d
are consecutive fractions of Fn+1. The first four modified Farey sequences
are
F0 = {0
1
,
1
0
}; F1 = {0
1
,
1
1
,
1
0
}; F2 = {0
1
,
1
2
,
1
1
,
2
1
,
1
0
}; F3 = {0
1
,
1
3
,
1
2
,
2
3
,
1
1
,
3
2
,
2
1
,
3
1
,
1
0
}.
Furthermore, if we write, for each integer n ≥ 1, Fn = {0/1 = a0,n/b0,n, a1,n/b1,n, a2,n/b2,n,
· · · , a2n−1,n/b2n−1,n = 1/1, · · · , a2n,n/b2n,n = 1/0}, then it is easy to check that
(a) ai,n/bi,n = b2n−i,n/a2n−i,n for all 0 ≤ i ≤ 2n−1;
(b) ai,n/bi,n + a2n−1−i,n/b2n−1−i,n = 1 for all 0 ≤ i ≤ 2n−1;
(c) φ(a2n+i,n/b2n+i,n) = ai,n/bi,n for all 0 ≤ i ≤ 2n−1 (by (a) and (b));
(d) φ(ai,n+1/bi,n+1) = (by (a)) b2n−i,n+1/a2n−i,n+1− 1 = a2n−i,n/b2n−i,n for all 0 ≤ i ≤ 2n;
Now for each positive integer n, we define a continuous piecewise linear map hn(x)
from [0,∞] into [0, 1] by putting hn(ai,n/bi,n) = i/2n for all 0 ≤ i ≤ 2n − 1, hn(∞) =
hn(a2n,n/b2n,n) = (2
n − 1)/2n, and ”connecting the dots”. It is clear that the sequence
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< hn(x) > converges uniformly on the non-compact metric space [0,∞) to a strictly increas-
ing continuous map h(x) with limx→∞ h(x) = 1. Let h(∞) = 1. Then h(x) is a homeomor-
phism from [0,∞] onto [0, 1] and it follows from (c) and (d) above that h ◦ φ = f ◦ h on
each Fn and so on [0,∞] by continuity, where f is defined above. Since φ is topologically
conjugate to f and f has topological entropy log λ, where λ is the unique positive zero of
the polynomial x3 − 2x − 1, so has φ. We Remark that the map h can also be obtained as
the modified Minkowski map h : [0,∞] → [0, 1] defined [5] by putting h(0
1
) = 0, h(1
0
) = 1,
and h(a+c
b+d
) = 1
2
[h(a
b
) + h( c
d
)] whenever a
b
and c
d
(both are in lowest terms) are two consec-
utive fractions in the modified Farey sequences and h(a
b
) and h( c
d
) are already defined, and
extending h continuously to the whole interval [0,∞].
Now since Iγ consists of exactly one point for each γ = γ0γ1γ2 · · · ∈ Γ and φ(Iγ0γ1γ2···γni ) =
Iσ(γ0γ1γ2···γni ), wherever Iγ0γ1γ2···γni is defined, it is easy to see that if γ and γ(m), m ≥ 1, are
points in Γ such that limm→∞ γ(m) = γ, then limm→∞ xγ(m) = xγ. It is also easy to see that
I0 = {(
√
5−1)/2} where z = (√5−1)/2 is the unique fixed point of φ(x), I10 = {(3+
√
5)/2},
I010 = {0}, I001 = {1}, and I100 = {∞}. This fact will be needed below.
5. φ(x) has bounded uncountable invariant 2-scrambled sets in [0, 3]
The existence of bounded uncountable invariant δ-scrambled sets for some δ > 0 follow easily
from Theorem 3 of [1]. Here we use symbolic dynamics to give a different proof. For each
β = β0β1β2 · · · ∈ Σ2, let µβ = (µβ)0(µβ)1(µβ)2 · · · be a point in Γ defined by
µβ = 0
5!Aβ(5!)Aβ(6!)Aβ(7!) · · · ,
where 02 = 00, 03 = 000, etc., and for each k ≥ 5, Aβ(k!) = (µβ)k!(µβ)k!+1(µβ)k!+2 · · ·
(µβ)(k+1)!−1 is the concatenation of the following k strings of 0’s and 1’s, each of length k!,
010k!−2, 0β00k!−2, 0β10k!−2, 0β20k!−2, · · · , 0βk−20k!−2.
Let W = {φn(xµβ) : β ∈ Σ2, n ≥ 0}. Then it is clear that W (⊂ I000 ∪ I001 ∪ I0100 ∪ I1000 =
[0, 1/3]∪ [1/2, 1]∪ [2, 3] ) is a bounded uncountable invariant subset of [0, 3]. If η = η0η1η2 · · ·
and ξ = ξ0ξ1ξ2 · · · are any two points (need not be distinct) in Σ2 and if i ≥ 1 and m ≥ 0
are fixed integers, then, for each k > i+m+ 5, we have
σk!+1(µη) = 10
k!−2 · · · and σk!+2(µη) = 0k!−2 · · · ,
σk!+1(σi(µξ)) = 0
k!−1−i · · · and σk!+2(σi(µξ)) = 0k!−2−i · · · ,
and
σ(m+2)k!+1(µη) = ηm0
k!−2 · · · and σ(m+2)k!+1(µξ) = ξm0k!−2 · · · .
As k tends to ∞, the sequence < 10k!−2 · · · > tends to the point 10¯ and the sequence
< 0k!−2−i · · · > tends to the point 0¯. Since limn→∞ I0k!−2−i··· = I0 = {(
√
5− 1)/2} = {x0} =
{the unique fixed point of φ} and limn→∞ I10k!−2··· = I10 = {(3 +
√
5)/2} = {x10} = {the
unique inverse image in (1,∞) of the unique fixed point of φ}, we obtain
lim sup
n→∞
|φn(xµη)− φn(φi(xµξ))| ≥ |x10 − x0| = 2 and lim infn→∞ |φ
n(xµη)− φn(φi(xµξ))| = 0.
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Similarly, if ηm 6= ξm, then we have
lim sup
n→∞
|φn(xµη)− φn(xµξ)| ≥ 2 and lim infn→∞ |φ
n(xµη)− φn(xµξ)| = 0.
Therefore, we have proved the following result:
Theorem 1. Let φ(x) = |1−1/x| for all x > 0. Then W (⊂ [0, 3] ) is a bounded uncountable
invariant 2-scrambled set for φ(x).
6. φ(x) has dense unbounded uncountable invariant ∞-scrambled sets
Let k ≥ 5 be a fixed integer. We call any finite sequence β0β1β2 · · · βk of 0’s and 1’s admissible
if βi = 1 and i < k then βi+1 = 0. There are countably infinitely many such admissible finite
sequences of 0’s and 1’s. Let B1, B2, · · · , Bn, · · · be an enumeration of these admissible finite
sequences with Bn = βn,0βn,1βn,2 · · · βn,kn−1, n ≥ 1. Let m1,m2, · · · be a strictly increasing
sequence of positive integers such that (mi)! > (mi−1)! + ki−1 + 1 for all i ≥ 2. Let α =
α0α1α2 · · · be a point in Σ2 defined by putting α(mi)!α(mi)!+1α(mi)!+2 · · ·α(mi)!+ki−1 = Bi for
all i ≥ 1 and α` = 0 elsewhere. Then it is clear that α is a totally transitive point of σ in
Γ = {γ = γ0γ1γ2 · · · ∈ Σ2 : if γi = 1 then γi+1 = 0}, i.e., for each integer n ≥ 1, the orbit of
the point α with respect to the map σn is dense in Γ.
Let α = α0α1α2 · · · be a totally transitive point of σ in Γ (and so if Iα = {xα} then xα
is a totally transitive point of φ in (0,∞)). Let X = {x(1), x(2), x(3), · · · } be any countably
infinite subset of irrational points in (0,∞). For each integer m ≥ 1, we can write {x(m)} =
Iγ(m) for an unique γ
(m) = γ
(m)
0 γ
(m)
1 γ
(m)
2 · · · in Γ. For any integers m ≥ 1 and 5 ≤ i < j such
that j − i+ 1 is a multiple of 3, let
C(x(m), i : j) = γ
(m)
i γ
(m)
i+1 · · · γ(m)j−1 0 and
C∗(x(m), i : j) = ξ(m)i ξ
(m)
i+1ξ
(m)
i+2 · · · ξ(m)j =
{
0 100 100 100 · · · 100 10, if γ(m)i = 1,
100 100 100 · · · 100, otherwise.
Note that, in C(x(m), i : j) and in C∗(x(m), i : j), the last element is 0 so when we con-
catenate C’s with C’s or with C∗’s, we won’t have the finite string · · · 11 · · · . For simplicity,
for b = 0 or 1, we write (b00)1 = b00, (b00)2 = b00 b00, and so on.
For any β = β0β1β2 · · · in Σ2, define a new point τβ = τβ(α,X) in Γ as follows and let
Y = {φn(xτβ) : β ∈ Σ2, n ≥ 0},
where τβ = (τβ)0(τβ)1(τβ)2 · · · = α0α1α2 · · ·α5!−20 Aβ(5!) Aβ(6!) Aβ(7!) · · · , and, for each
k ≥ 5, Aβ(k!) = (τβ)k!(τβ)k!+1(τβ)k!+2 · · · (τβ)(k+1)!−1 is the concatenation of the following k
strings of 0’s and 1’s, each of length k!,
α0α1α2 · · ·αk!−1
0k!/4(100)k!/12(001)k!/12(010)k!/12
7
(β000)
(k−1)!/3(β100)(k−1)!/3 · · · (βk−100)(k−1)!/3
B(x(1), 4k!) B(x(2), 5k!) B(x(3), 6k!) · · · B(x(k − 3), k · k!),
where, for 1 ≤ i ≤ k − 3, B(x(i), (3 + i)k!) is the concatenation of the following 2k strings
of 0’s and 1’s, each of length 1
2
(k − 1)!,
C(x(i), (3 + i)k! : (3 + i)k! + [1
2
(k − 1)!− 1])
· · ·
C(x(i), (3 + i)k! + (j − 1)[1
2
(k − 1)!− 1] : (3 + i)k! + j[1
2
(k − 1)!− 1])
· · ·
C(x(i), (3 + i)k! + (k − 1)[1
2
(k − 1)!− 1] : (3 + i)k! + k[1
2
(k − 1)!− 1])
C∗(x(i), (3 + i)k! + 1
2
k! : (3 + i)k! + 1
2
k! + [1
2
(k − 1)!− 1)])
· · ·
C∗(x(i), (3 + i)k! + 1
2
k! + (j − 1)[1
2
(k − 1)!− 1] : (3 + i)k! + 1
2
k! + j[1
2
(k − 1)!− 1])
· · ·
C∗(x(i), (3 + i)k! + 1
2
k! + (k − 1)[1
2
(k − 1)!− 1] : (3 + i)k! + 1
2
k! + k[1
2
(k − 1)!− 1]).
In the following, we shall use the fact that I100 = {∞}, I001 = {1}, I010 = {0}, and if γ
and γ(n), n ≥ 1, are points in Γ such that limn→∞ γ(n) = γ then limn→∞ φ(xγ(n)) = xγ, where
Iγ(n) = {xγ(n)} and Iγ = {xγ}. Now in the expansion of τβ, β ∈ Σ2,
(1) there are infinitely many strings α0α1α2 · · ·αk!−1, k ≥ m, which imply, for each i ≥ 1,
the denseness of the orbit (under φi) of the point xτβ in (0,∞),
(2) there are infinitely many strings (β000)
(k−1)!/3(β100)(k−1)!/3 · · · (βk−100)(k−1)!/3, k ≥ 5
which imply that
lim sup
n→∞
|φn(xτβ)− φn(xτη)| =∞ for β 6= η in Σ2,
(3) for any i ≥ 1, there are infinitely many strings 0k!/4(100)k!/12(001)k!/12(010)k!/12, k ≥
i+ 5, containing
0i(100)k!/12(001)k!/12(010)k!/12
which imply that, for any integer i ≥ 1,
lim sup
n→∞
|φn(xτβ)− φn(φi(xτη))| =∞ for any β and η in Σ2,
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and since this string also contains long strings of 0’s, i.e., 0k!/4, k ≥ 5, we obtain
lim inf
n→∞
|φn(xτβ)− φn(φi(xτη))| = 0 for any β, η in Σ2 and i ≥ 0,
(4) for any positive integers i and j, there are infinitely many strings
C(x(i), (3 + i)k! + (j − 1)[1
2
(k − 1)!− 1] : (3 + i)k! + j[1
2
(k − 1)!− 1]), k > j,
which imply that
lim inf
n→∞
|φn(x(i))− φn(φj−1(xτβ))| = 0 for all β in Σ2 and j ≥ 1,
(5) for any positive integers i and j, there are infinitely many strings
C∗(x(i), (3+ i)k!+
1
2
k!+(j−1)[1
2
(k−1)!−1] : (3+ i)k!+ 1
2
k!+j[
1
2
(k−1)!−1]), k > j,
which, since x0γ1γ2··· ≤ 1 ≤ x1γ1γ2··· and limk→∞ I(100)k = {x100 =∞}, imply that
lim sup
n→∞
|φn(x(i))− φn(φj−1(xτη))| =∞ for all β in Σ2 and j ≥ 1.
Now, if r is a rational number in [0,∞), then, by [3], for some integer m ≥ 0, φm(r) = 0
which is a period 3 point of φ. For each β in Σ2, the iterates of the point xτβ approach the
fixed point z = (
√
5 − 1)/2 infinitely often and stay close to it for a while each time. This
implies that lim supn→∞ |φn(r)− φn(xτβ)| =∞. Furthermore, since, for all k > 12,
σ3(k!/3+k!/12)(τβ) = σ
k!+k!/4(τβ) = (100)
k!/12(001)k!/12(010)k!/12 · · · ,
σ3(k!/3+k!/12+k!/36)(τβ) = σ
k!+k!/4+k!/12(τβ) = (001)
k!/12(010)k!/12 · · · ,
and
σ3(k!/3+k!/12+k!/36+k!/36)(τβ) = σ
k!+k!/4+k!/12+k!/12(τβ) = (010)
k!/12 · · · ,
the sequence < σ3n(τβ) > approaches each of the three points 100, 001 and 010 infinitely
often and so the sequence < φ3n(xτβ) > approaches each of the three points∞, 1, 0 infinitely
often. Since, for some m ≥ 1, φm(r) = 0 and 0 is a period-3 point of φ(x), this implies that
lim infn→∞ |φn(r) − φn(xτβ)| = 0 (if f 3n(r) = ∞ and φ3n(xτβ) ≈ ∞ then φ3n+1(r) = 1 and
φ3n+1(xτβ) ≈ 1). Therefore, we have shown the following result:
Theorem 2. Let φ(x) = |1−1/x| for all x > 0. Then for any given countably infinite subset
X of points (rational or irrational) in (0,∞), there exists a dense unbounded uncountable
invariant ∞-scrambled set Y of totally transitive irrational points in (0,∞) such that, for
any x in X and any y in Y , we have
lim sup
n→∞
|φn(x)− φn(y)| =∞ and lim inf
n→∞
|φn(x)− φn(y)| = 0.
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In the above result, we consider φ(x) as a continuous map from the compact topological
(but not metric) space [0,∞] onto itself under the convention that |1
0
| = ∞, 1±∞ = 0,
and | ± ∞± any real number| = ∞. It is easy to see that the dynamics of φ(x) on the
rational points in [0,∞) are not interesting [3, 4] because they all go to the period-3 orbit
{1, 0,∞} after a finite number of iterations. All interesting dynamics occur in the invariant
set R+ \ Q+ of irrational points of (0,∞). Consequently, we can consider the dynamics of
φ(x) on the set R+ \ Q+ which is a metric space under the usual distance metric. Within
this context, Theorem 2 has a very important consequence: given any irrational point x in
R+ \ Q+, then at just about everywhere in R+ \ Q+, whether it is close to x or far away
from it we can always find an irrational point y (in the dense set Y ) whose iterates satisfy
lim supn→∞ |φn(x) − φn(y)| = ∞ and lim infn→∞ |φn(x) − φn(y)| = 0. This demonstrates
the true nature of chaos [2, 6, 7], i.e., not only nearby points will separate (sensitivity) and
converge infinitely often but even far apart points will also converge and separate infinitely
often.
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